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I. INTRODUCTION 
A. Background 
In low-modulus viscoelastic material the propagation 
velocity of a stress wave is less than that in conventional 
photoelastic materials which are more rigid by an order of 
magnitude(1, 2). Thus, in recent years, many investigators 
have used these materials to analyze dynamic phenomena 
photoelastically since they have more time to photograph 
the dynamic event within a given field of view. 
For some years considerable effort has been devoted 
to the mechanical and optical characterization for low-
modulus viscoelastic materials. Nolle(3) developed methods 
for measuring dynamic mechanical properties; Hopkins(^ ) 
investigated dynamic shear properties; Volterra and Barton 
(5) introduced the double pendulum method; Dally, Riley, 
and Durelli(6) modified the double pendulum method; Theocaris 
and Mylonas(7) established the mechanical and optical char-
ateristics as a function of strain rate and temperature; 
Arenz, Ferguson, Kunio, and Williams(8) and Williams and 
Arenz(9) described the interrelation between the stress and 
strain optic coefficients; Brown and Selway(lO) determined 
frequency response; Williams, Beebe, Arenz, and Ferguson(11) 
and Arenz, Ferguson, and Williams(12) reported the mechanical 
and optical characterization for a typical Solithane 113 com­
position; Ferguson(13) analyzed stress wave propagation in 
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Solithane 113 by photoviscoelastic techniques; San Miguel 
and Duran(l^ ) discussed the mechanical properties of seme 
low-modulus biréfringent resins; Williams(15) studied the 
structural analysis of viscoelastic materials; Arenz(l6) dis­
cussed uniaxial wave propagation in realistic viscoelastic 
materials; McGuirt and Lianis(17) proposed a new form of 
constitutive equation for incompressible viscoelastic mate­
rials under isothermal conditions; McGuirt and Lianis(18) 
also discussed the viscoelastic behavior of a Styrene-
Butadiene Rubber under finite uniaxial and equal biaxial 
deformations for nonisothermal case; Theocarisfl?) investi­
gated the viscoelastic properties of epoxy resins derived 
from creep and relaxation tests at different temperatures. 
B. Mechanical Behavior of Viscoelastic Materials 
Some materials display a pronounced sensitivity to the 
rate of loading, the strain being larger if the stress has 
grown more slowly to its final value. They also display 
creep; i.e., an increasing deformation under sustained load, 
the rate of strain depending on the stress. Such materials 
are called viscoelastic. 
The constitutive equations of viscoelastic materials 
may be either linear or nonlinear of which linear behavior is 
the simplest case. The behavior of linear materials in uni ax­
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ial stress can be understood in.terms of mechanical models 
built from discrete elastic and vijcous elements, represented 
by springs and dashpots, respectively# 
Sometimes viscoelastic materials are said to possess 
"memory" which means that the stress and strain distributions 
depend on the whole loading-time history prior to the moment 
of observation» This fact suggests that the materials may 
behave quite differently under transient and repeated 
sinusoidal loading since in the earlier case the duration of 
loading is extremely short and the "memory" property is not 
predominant. The "memory" property would be most predominant 
in the sinusoidal loading situation. 
C. Hysol 8705 
Hysol 8705 is a soft low-modulus polyurethane rubber 
with high photoelastic stress sensitivity. It can be pur­
chased from Hysol, Inc. or it can be manufactured by casting 
a mixture of 100 parts of Hysol 2085 as base material and 
24 parts of Hysol 3562 as hardner. The mixture is cured at 
280® F for two hours and post-cured at 210® P for four hours. 
It does not exhibit viscous flow at room temperature, and has 
a high coefficient of thermal expansion. It can be easily 
machined and cemented to other materials. It is free from 
any measurable time-edge effect when properly machined. 
Durelli and Riley(20) and Daniel and Durelli(21) inves­
tigated the coefficient of thermal expansion, modulus of 
k 
elasticity. Poisson*s ratio, and the material fringe values 
of Hysol 8705 as functions of temperatures. In recent years, 
Hysol 8705 has been used by numerous investigators(22, 23) for 
dynamic photoelasticity studies. Since it is quite popular 
for this use, it is chosen as the test material in this in­
vestigation. 
D. Scope of This Study 
As explained above the test material Hysol 8705 might 
behave quite differently under impact and sinusoidal 
loadings. In order to clarify this point, these two kinds 
of loading tests were performed on the material in this 
study. 
Since the behavior of the material under impact loading 
is more akin to stress wave propagation, the impact loading 
will be investigated in greatest detail. Effort will be 
taken to search for a mathematical model consisting of cer­
tain kind of spring and dashpot combination which can suc­
cessfully reproduce the experimental results of impact 
loading. Then the same model will be tried to see whether 
it can also successfully reproduce the experimental results 
of sinusoidal loading. If so, the mechanical properties of 
the material under these two kinds of loadings can be related 
by a single mathematical model. It is possible, however, that 
two distinctly different mathematical models may be required; 
one for each type of loading. 
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II. THEORY OP VISCOELASTICITY 
A. Spring and Oashpot 
A 8pring(Pig. 2.1a) is an ideal linear elastic element. 
When a tensile force is applied to it, the increase in its 
length is proportional to the force. We have the relation 
<y * k6 (2.1) 
in which k is the spring constant. In this case stress"a and 
strain e are preferred since this removes length and cross-
sectional area from our consideration, and thus gives them 
more generality. 
Uj C 
(a) (b) 
Fig. 2.1. Spring and dashpot 
A dashpot(Pig. 2.1b) is an ideal linear viscous element. 
When a tensile force is applied to it, the sides moves apart 
at a rate which is proportional to the force. We have 
o = C6 (2.2) 
in which c is a constant, Inown as the viscosity of the dash-
pot. The quantity é is called strain rate. 
The behavior of viscoelastic materials is a mixture of 
these two simple cases described by Bqs. 2.1 and 2.2a 
6 
B. Maxwell Fluid 
When a spring and a dashpot are connected in series 
(Fig. 2.2), Eq. 2.3 is the required relationship between 
a and €« 
a + p^ ôr = q^ è (2.3) 
in which p^  = c/k, and q^  = c» 
c 
k r 
c " /s/vw II — a 
Fig* 2.2. Maxwell Fluid 
Equation 2.3 is interpreted by performing a two-stage 
test. In the first stage, known as the creep phase of the 
test, a constant stress Cq is suddenly applied at t = 0. 
The equation has the solution 
6 = Oo(Pi + t)/qi 
which is represented in Fig. 2.3 by the curve for 0<t<t2. 
The dotted lines indicate what would happen if this stage 
were to be extended beyond t = t^  and clearly indicates that 
the material described by Eq. 2.3 shows a typical property 
of fluid; i.e., its capability of unlimited deformation under 
finite stress. Thus it is called Maxwell fluid in honor of 
J. C. Maxwell who first proposed such a model. 
In the second stage(the relaxation phase of the test 
which begins at t = t^ ), the strain is fixed at whatever val­
ue it has, say The solution of Eq. 2.3 in this case is 
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a = <yj,exp[-(t - ti)/pi], t > 
which shows that stress decreases under constant strain, that 
is, the material relaxes. 
t 
0 
«r 
\ \ \
 \ \ \
 \ 
Pl*o/Sl 
«1 
-Pi 
Pig. 2.3* Creep phase and relaxation 
phase of Maxwell fluid 
G. Kelvin Solid 
When a spring and a dashpot are connected in parallel 
(Pig. 2.4), we have 
o = 9*6 + (2.4) 
in which = k, and q^  = c. 
In the creep phase. Equation 2.4 has the solution 
6 = Oo[l - eacp(-qQt/qT)]/qQ 
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k 
c 
Pig. 2.4, Kelvin solid 
If this phase were to be extended to t strain would not 
grow indefinitely, but would gradually approach the limit 
cJo/q^ CPig» 2»5)» This is almost the behavior of an elastic 
solid, and the material represented by Eq. 2.4 is known as 
Kelvin solid(sometimes called a Voigt solid) in honor of Lord 
Kelvin who first proposed such a model. 
In the relaxation phase, the solution of Eq. 2.4 is 
G = OqII - expC-q^ tj^ /q^ )] 
which shows the relaxation is incomplete since stress is 
immediately relaxed by a certain amount and remains at this 
value so long as the strain remains 
D. Three-Parameter Solid 
Figure 2.6 shows a spring and a Kelvin element connected 
in series. Considering the strains in both parts, we have 
a = 
and a = kge" + ci" 
Applying the Laplace transformation to both sides of both 
equations and multiplying each of these equations by a 
suitable constant and adding, we have 
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0 ti 
IT 
V»o 
1 
Fig* 2.5* Creep phase and relaxation 
phase of Kelvin solid 
kl 
6' 
k2 
Pig. 2.6. Three-parameter solid 
0(k2 + so) + kia = ki(k2 + so)(6* + €") 
e kifkg + sc)€ 
where i is the Laplace transformation of total strain. 
Transforming baok into the physical plane gives 
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(kl + k2)e + cô = kik2^  + k^ oe 
whose normalized form is 
o + Pi* = <lo^  + qi6 (2.5) 
where = c/(k^  + kg), » k^ k^gAk^  ^+ kg), and 
= kj^ c/(k^  + kg). 
In the creep phase, Eq. 2.5 has the solution 
 ^= Oo[l - (1 - Pi^ o/qi)@xp(-^ ot/q^ ) ]/qo 
which shows asymptotic elastic behavior(Fig. 2.7). Thus, 
the material represented by Eq. 2.5 qualifies as a solid and 
is called three-parameter solid. 
a 
0 1 
t 
0^^ 1 
i 
+ n-i 
€ 
oo/qo 
(^ oPi/qi 1 
ll/lo 
Pig. 2.7* Creep phase and relaxation 
phase of three-parameter solid 
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In tne relaxation phase, the solution of Sq= 2-5 is 
o = - exp{-(t -
+ Ooexp[-(t -ti)/pi], t > ti 
Which shows the material relaxes asymptotically to 
E. The Generalized Maxwell and Kelvin Models 
With springs and dashpots more complicated models can 
be built up* Some typical models with their differential 
equations and other information are given in (24, 25, 26, 27). 
There are two ways of systematically building up more 
complicated models from the generalized Maxwell model(Pig. 
2.8) and Kelvin ch2dn(Pig. 2.9). It has been shown(24, 25) 
that the differential equation of any model made from the 
Maxwell and Kelvin types must assume the form 
c + p^ô + PgO + q.e + q,€ + q^ € + 
1 4 
1  ^
; ! 
L u J L.I 
Ltf 
fig. 2.8. Generalized Maxwell model 
•fr 
EL_ —KL_ 
Fig. 2.9. Kelvin chain 
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P. Hereditary Integral 
Consider the case shown in Pig. 2.10, stress Gq is 
suddenly applied at t * 0, which produces a strain 6 = OoJ(t). 
The function J(t) is called creep compliance, the strain per 
unit Ojl applied stress. For t < 0, J(t) = 0. Por t > 0, J(t) 
is a monotonie ally increasing function since a tension bar 
under sustained load will never get shorter. At t = t*, some 
more stress ta* is added. Then, for t > t*, additional strain 
will be produced which is proportional to àa* and depends on 
the same creep compliance. If the material is linear, the 
total strain for t > t* is 
6(t) = aoJ(t) + aa'j(t - t"), t > f 
The stress diagram in Pig. 2.11 can be divided into a 
basic part e^ aft), where A(t) is a unit step function, and 
a sequence of infinitesimal step functions dg*[a(t - t*)] 
where da* = (d<y/dt)^ ^^ ,dt* * (da*/dt* )dt'. The corresponding 
strain at any time t is then the sum of the strains caused 
by all the steps that have taken place at t* < ti that is 
é(t) « OgJCt) + J*J(t - (2.6) 
Equation 2.6 is ceLLled hereditary integral which shows how 
the strain at any given time depends on all that has happened 
before. This is quite different from what happens in an 
elastic material whose strain at any time depends solely on 
the stress at that time. Following the same procedure, the 
stress can be expressed in a similar equation involving the 
13 
the strain history. 
Hereditary integrals are discussed further in (24, 
26, 27, 28). 
a 
I I I I I I I 1333 
AG'J(t -t') 
€ 
Tl 1 CoJCt) 1 
0 t t* t 
Pig# 2,10. Superposition of step input 
t 
0 t* t'+dt' 
Pig. 2.11. Derivation of hereditary integral 
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III. DYNAMIC TESTS OP HYSOL 870$ 
A. Impact Loading 
To determine the mechanical properties of low-modulus 
viscoelastic materials under different rates of loading* the 
double pendulum method employed by Volterra and 6arton(5) 
can be conveniently used. The method employed in this inves­
tigation differed from the double pendulum method in several 
respects* Instead of using two pendulums» only one pendulum 
was used. Figure 3*1 is a schematic diagram.of the setup. 
The pendulum, 11^  in. long and ^  in. in diameter, was made 
of Aluminum Alloy 2024-T6 with 1^  in. long steel end part 
to work with electro-magnetic pendulum release. It was 
released from several different heights above its equilibrium 
position to produce axial impulse-loading to the specimen. 
Each pendulum height was selected to correspond to a certain 
initial strain rate. "Die pendulum with everything on it 
weighted .595 lb. In order to increase its weight, weights 
were added to obtain weights of 1.28 lbs. and 2.98 lbs., 
respectively. 
The specimen was made of Hysol 8705, its size was 
•985 in.X.418 in.X.499 in. The specimen was glued to a small 
 ^in. thick aluminum cap which was attached to a Kistler 
Model 912 quartz load cell. The load cell was used to measure 
the output impulsive force transmitted through the specimen 
from the pendulum, ssnd it was screwed to a 24 in.x25 in.xl.5 
/ / / / / / / / / / / / / / / / /  
Eleotro-magnetio / / 
pendulum / / 
release / / , Load cells 
Aluminum caps 
Pendulum 
Target of W 
electro-optical tracker'. -^Specimen 
Light source 
Electro-
optical 
tracker 
Charge 
amplifier 
Control 
unit 
Charge 
amplifier 
Dual-
beam 
oscilloscope 
Analog 
computer 
(integrating 
circuit) 
Pig. 3.1. Schematic diagram of the setup for impact loading 
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in. steel plate whose weight was approximately 250 lbs. 
The plate was cemented to the brick wall of the building. 
At the front end of the pendulum another Kistler Model 912 
quartz load cell which was adjusted to remove its accel­
eration sensitivity was used to measure the input impulsive 
force acting on the specimen and another small i in. thick 
aluminum cap was attached to the front end of the load cell* 
Each load cell was connected to a Kistler(Model 568 or 504a) 
charge amplifier# The signals from the charge amplifiers 
were recorded on Polaroid film with a Tektronix Model 502 
dual-beam oscilloscope and Tektonix Model C-12 camera. 
For the purpose of having a check on the velocities of 
the pendulum at the beginning and the end of the impact* the 
signal from the load cell attached at the front end of the 
pendulum was integrated by employing an analog computer. 
The integrating circuit is shown in Fig. 3.2. After careful 
calibration the sensitivity of the integrating circuit was 
found to be I806 mv/(lb.-sec. )• in order to measure the 
deformation of the specimen during impact, a PhysiTech Model 
39 electro-optical tracker was used which tracked the motion 
of the pendulum during impact. The signal from the tracker 
was recorded on the oscilloscope. Photographs of the 
experimental setup are shown in Figs. 3.3 and 3.4. 
Since the specimen was in compression during impact, all 
measured forces and deformations were for compression and 
were defined to be positive. 
17 
5 megohms 
0=5 megohm 
41-
O.lwf 
Fig. 3.2. Integrating circuit for integrating 
the input force-time history 
B. Sinusoidal Loading 
To subject the specimen to a forced sinusoidal oscil­
lation an ADI electro-magnetic shaker(Model AV50) was 
used. The schematic diagram of the setup for the test is 
shown in Pig. 3^ 5. One of the Kistler load cells used in 
impact loading was mounted on the moving head of the shaker 
while the other Kistler load cell was fixed to the heavy 
foundation of the shaker. Each end of the specimen was 
glued to one of the two aluminum caps used in impact 
and each of the caps was connected to one of the load cells. 
The output of the load cell mounted on the moving head of the 
shaker was compensated so that the base acceleration sensi­
tivity of the load cell could be eliminated. The signals 
from the load cells were sent to the oscilloscope and a B & K 
(Bruel and Kjaer) Model 2416 electronic voltmeter. 
The frequency of the oscillation and vibration ampli­
tude of the shaker was controlled by a B & K Model 1042 sine-
Pig. 3.3. Experimental setup used for impact loading 
Specimen 
pendulum 
Target Xoad celle 
Steel plate 
Pig* 3,4. A close look of the pendulum and the specimen 
Dual-
beam 
oscilloscope 
Charge 
amplifier 
Phasemeter 
Electronic 
voltmeter 
Aluminum caps 
Analog 
computer 
(compensation 
circuit) 
Charge 
amplifier 
Specimen 
Analog 
computer 
a X 10 
Aocelerometer 
preamplifier 
Load 
Load 
cell 
Moving 
haed 
Shaker 
Vibration 
meter 
Sine-
randon 
Power 
amplifier 
Built-in aocelerometer 
Frequency 
counter 
Acceleration feedback 
Pig. 3*5* Schematic diagram of the setup for sinusoidal loading 
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random generator via a power amplifier, and the frequency 
was checked with a Hewlett-Packard Model 5233L electronic 
counter. In order to have a good comparison with the results 
from impact loading, the velocity amplitude of the oscillation 
was kept constant over the frequency range by employing a 
B & K Model 2502 vibration meter in the control feedback 
loop. The phase angle between the displacement of the oscil­
lation and the compensated force can be determined by the 
phase angle between the acceleration and the force, since 
displacement is I80 degrees out of phase with acceleration. 
The phase angle was measured by using a Deltron Model lOOA 
phasemeter. Sometimes the signal from the accelerometer 
built into the shaker was not strong enough to operate the 
phasemeter. Therefore, the signal was sent to an analog 
computer -here it was amplified 10 times before being sent 
to the phasemeter and recorded with the oscilloscope. 
A complete list of equipment used in the experiments 
is given in Table 1. 
Table 1. Instrumentation test equipment 
Item Mfr« Model 
Quartz load cell Klstler 912 
Quartz load cell Klstler 912 
Charge amplifier Klstler $63 
Charge amplifier Kistler 504A 
Electro-optical PhyaiTech Inc. 39 
tracker 
Analog computer Electronic 45.069 
Associates Inc. 
Oscilloscope Tektronix 502 
Oscilloscope Tektronix C-12 
camera 
Electro-magnetic AGAC-Derritron AV50 
shaker inc. 
Power amplifier AGAC-Derritron Nf-300 
Inc. 
Characteristics 
Limited to 500 lbs. tension 
Limited to 500 lbs. tension 
Frequency responsei DC to I50 KHz 
Ranges I .1 to 100 mv/psi, g, lb. 
Frequency response; DC to 100 KHa 
Ranges I 1 to 5000 psi, g'ei, lbs. 
per volt 
Working distance I .100" to infinity 
depends on lens system 
13*5*-15*0M(lens system 
L135 + 45) 
Output! 0-5*0 V.D.C. proportional 
to target position 
General purpose designed for 
desk-top use 
Dual-beam 
Total excursion* .5"(±.25") 
Frequency range1 5 Hz to 20 KHz 
Frequency range 1 I.5 Hz to 20 KHz 
Power outputI 300 watts rms 
continuous 
Table 1. (Continued)Instrumentation test equipment 
Item Mfr, Model Characteristics 
Sine-random Bruel & Kjaer 
generator 
Vibration meter BrUel & Kjaer 
Aocelerometer 
preamplifier 
Frequency 
counter 
Electronic 
voltmeter 
AGAC-Derritron 
Inc. 
Hewlett-
Packard 
BrUel & Kjaer 
1042 Frequency rangei 5 Hz to 10 KHz 
2502 Tolerance; ±1% from 20 dB below to 
10 dB above full scale 
deflection 
VM-12R Frequency response 1 ±1^ 5 5 Hz to 
5 KHz, 2% 2 Hz to 
20 KHz 
5233L Frequency ranget 0 to 2 MHz 
24l6 Frequency response 1 linear within 
2^  rms from 2 Hz to 200 
KHz 
Phasemeter Deltron Inc. lOOA 
2^ 
IV. ANALYSIS OF EXPERIMENTAL RESULTS 
A. Results from Impact Loading 
1» Calculation of important parameters 
During impact loading many sets of data were taken at 
different initial strain rates for three different pendulum 
weights. 
The signals from the load cells, recorded with a dual-
beam oscilloscope, are shown in Fig. 4.1, The upper beam is 
the output force-time record coming from the load cell with 
its front end connected to the specimen and another end fixed 
to the wall while the lower beam is the input force-time re­
cord from the load cell connected to the front end of the 
pendulum. 
In Fig. 4.2, the upper beam is the displacement-time 
record at initial strain rate 10.61 in./in./sec. and pendulum 
weight 2.98 lbs., the lower beam is the input force-time re­
cord. The initial and final slopes of the displacement-time 
record give us the velocities of the pendulum(vj^  and v^ ) at 
the beginning and the end of impact, respectively. The 
initial velocity v^  is defined to be positive, and accordingly 
Vj» should be negative, since Vj^  and Vf are opposite in sense. 
The initial and final strain rates and ^ f) can be calcu­
lated from the following equations * 
25 
division 
Lower beam: 2 lb./division 
éi = 10.61 in./in./sec., w = 2.98 lbs. 
Fig. 4.1. Force-time record of impact loading 
(sweep rate; 5 msec./division) 
Upper beams «025 in./division 
beam* 2 lb./division 
= 10.61 in./in./sec., w = 2.98 lbs. 
Fig. 4.2. Displacement-time and input force-
time records of impact loading 
(sweep rate: 5 msec./division) 
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where is the initial length of the s->ecimen» and 1^  is 
its final length. Based on the signs of and Vf, the 
initial strain rate 6^  is positive and the final strain rate 
éf is negative. 
Under loading, the deformation of the specimen was not 
small as compared to its size, therefore true stress and true 
strain should be considered. Since Poisson*s ratio is nearly 
i for the material under consideration(10, 11), it is as­
sumed that the volume of the specimen remains constant during 
deformation so that the cross-sectional area of the specimen 
A(t) can be computed from the following relationships 
- it) 
where Vq is the initial volume of the specimen, and l(t) is 
its actual length at the instant of consideration, and can be 
calculated as follows; 
l(t) « lo - ô(t) 
where 6(t) is the compressive deformation of the specimen 
at the instant and is defined to be positive. 
The true stress ©(t) is given by 
o(t). m. (4.1) 
where the compressive force F(t) and the compressive stress 
a(t) are all defined to be positive. The true strain é(t) 
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is given by 
e(t) . ln[^ ] (4.2) 
where 6(t) is a compressive strain, and is defined to be 
positive. 
Hence, by using Eqs. 4.1 and 4.2, the stress and strain 
can be computed as a function of time from Pig. 4.2, as 
shown in Figs. 4.3 and 4.4 for three different pendulum 
weights. 
The input force-time record P(t) was integrated with an 
analog coaputer(see Pig. 3.2). The integrated curve which 
is essentially a momentum-time curve is the upper beam in 
Pig. 4.5 while the lower beam is the input force-time record. 
The change in velocity= v^  - vj^ ) can be computed from the 
following equationI 
Av = - —J* P(t)dt (4.3) 
m o 
where m is the mass of pendulum in slug, and t is the dura­
tion of impact which can be easily determined from Pig. 4.1 
or Pig. 4.2. The integral in the above equation is given by 
/p(t)dt « I 
o ®v 
where G can be determined from the integrated curve whose 
unit is mv, and the sensitivity of the integrating circuit 
Sy was found to be 1806 mv/(lb.-sec.) as mentioned in Chapter 
III. The velocity difference, Av, given by Eq. 4«3, can be 
used to check velocities v^  and v^  as measured from the 
150 
I I pendulum weight 1.28 lbs. 
/\ pendulum weight 2.98 lbs. 
•H 
$100 
20 
Time(msec.) 
Pig* 4.3, Stress-time history of impact loading 
33 in./in./sec.(« 32»5 in./sec.) 
Q pendulum weight 0.595 lb, 
Q pendulum weight 1.28 lbs. 
A pendulum weight 2.98 lbs. 
5 10 , .15 20 
Timefmsec.) 
Fig. 4.4. Strain-time history of impact loading 
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slopes of the displacement-time history in Fig. 4.2. 
The loop in Pig. 4.6 is the input force-deformation 
curve at the same initial strain rate of 10.61 in./in./sec. 
(w = 2.98 lbs.). The area enclosed in this hysteresis loop 
is the energy loss in the specimen due to internal friction 
of the materisLl. The initial and final moduli of elastic­
ity of the material can be determined from the initial and 
final slopes of the loop, respectively. The true stress-
strain curves can be obtained either by eliminating time 
in Pigs. 4.3 and 4.4 or from the hysteresis loop in Pig. 4.6. 
In either approach» Eqs. 4.1 and 4.2 must be used. 
Figures 4.2 and 4.6 clearly indicate that at the end 
of impact the specimen did not come back to its original 
length; i.e., there was some permanent set e left in the 
specimen. The material needs more time to relax to its 
original size than is allowed during the few milliseconds of 
relaxation allowed during the last half of the impact. 
As explained above, from the pictures taken, initial 
and final velocities (v^  and Vf), initial and final strain 
rates (ê^  and ^ ), maximum input force (P^ x^), maximum defor-
mation(S^ax)» permanent set(e), duration of impact( t ) ,  
input snergy(w- the maximum area under the increasing load-
deformation curve in Pig. 4.6), the hysteresis energy loss 
(AW),  the initial and final moduli of elasticity (Ei  and £f) ,  
and the initial kinetic energy of the pendulum based on v^  
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Upper beams .0277 (slug-ft./sec* )/divisiG; 
Lower beam; 2 lb./division 
= 10.61 in./in./sec., w = 2.98 lbs. 
Fig. 4.5. Integrated force-time and force-
time records of impact loading 
(sweep rate; 5 msec./division) 
i 
T 
2 lb./division 
.01 in./division 
=d b= 
Deformation 
= 10.61 in./in./sec., w = 2.98 lbs. 
Fig. 4.6. Input force-deformation 
record of impact loading 
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((Ejj)i) can all be calculated, and they are tabulated in 
Table 2. 
In order to determine the static modulus of elasticity 
of Hysol 8705» the specimen must be loaded statically, A 
typical static force-deformation curve is shown in Fig. 4.7 
where approximately 90 seconds were used to load and unload 
the specimen to a maximum true stress and strain of 55*6 psi 
and .1134 in./in., respectively. The static modulus of elas­
ticity was found to be 490 psi from this straight line curve. 
2. Determination of initial modulus of elasticity as a 
function of initial strain rate 
A plot of the initial modulus of elasticity Ei as a 
function of initial strain rate for the material is shown 
in Fig. 4.8. The curve starts at 490 psi and becomes a 
straight line when the initial strain rate exceeds 35 
in./in./sec. The dotted line is parallel to the straight 
part of the curve, and its slope is 3.51 psi/in./in./sec. 
Therefore can be treated as the sum of two parts 1 a line­
ar part E% under the dotted line, and a nonlinear part E^  
above the dotted line. It is quite clear, the relation 
between E^  and is 
El = 490 + 3.51€i 
The nonlinear part En can be written in an exponential form 
of with good accuracy(see Fig. 4.9)1 
En = 108[1 - exp(-6i/12.5)] 
Table 2» Mechanical properties of Hysol 8705 under impact 
Pendulum weight 0.595 lb. 
Vi Vf Gi Sf Pmax ®max 
in./sec. in./sec. in./in./sec. in./in./sec. lb. in. 
12.35 9.04 12.40 9.32 4.80 .0420 
19.80 14.65 20.0 15.11 8.40 .0640 
32.6 26.1 33.1 27.1 14.00 .0975 
39.5 32.2 40,2 33.6 17.70 .1150 
47.7 38.3 48.4 40.1 23.6 .1390 
54.5 42.7 55.3 44.7 26.8 .1535 
64.7 47.1 65.7 49.4 31.5 .1680 
72.4 53.5 73.5 56.3 35.9 .200 
84.7 63.1 86.0 66.6 43.2 .216 
92.8 64.2 94.2 69.1 47.2 .230 
104.0 75.0 105 6 79.7 56.0 .255 
Yi w AW Ei <Efc)l e T 
in./sec. ine-lb. in.-lb. psi psi in.-lb. in. msec. 
12.35 .1083 .0415 602 660 .1183 .01340 10.64 
19.80 .279 .1088 644 722 .316 .01580 10.00 
32.6 .688 .243 708 758 .818 .0225 9.40 
39.5 1.115 .397 735 777 1.200 .0270 9.44 
47.7 1.660 .556 768 784 1.750 .0290 9.20 
54.5 2.10 .735 795 795 2.29 .0305 9.14 
64.7 2.64 .922 823 796 3.28 .0313 8.80 
72.4 3,64 1,210 848 812 4.03 .0350 8.76 
84.7 4.75 i.6.Vs 895 820 5.52 .0385 8.44 
92.8 5.53 1.899 925 824 6.64 .0405 8.50 
104.0 7,14 2,4% 965 840 8.33 .0440 8.16 
Table 2. (Continued)Mechanical properties of Hysol 8705 under impact 
Pendulum weight 1.28 lbs. 
Vi Yf <i 4 m^ax *max 
in./sec. in./seo. in./in./sec. in./in./sec. lb. in. 
12.04 9.51 12.22 9.78 7.60 .0558 
21.1 16.10 21.4 16.62 12.50 .0875 
32.7 26.8 33.2 27.9 23.2 .1390 
39.6 32.1 40.2 33.2 28.0 .1555 
50.0 41.4 50.8 43.4 37.0 .1965 
54.2 43.2 55.1 45.2 42.2 • 208 
64.6 50.4 65.6 53.1 51.0 .244 
72.3 *f6.6 73.4 59.8 57.5 .271 
82.2 66.3 83.4 70.3 64.0 .314 
i^ W AW Ei Ef (Ek)i e r 
in./sec. in.-lb. in*-lb. psi psi in.-lb. in. msec. 
12.04. .229 .0722 610 684 .240 .01320 14.20 
21.1 .649 .202 657 728 .738 .01700 13.80 
32.7 1.520 .488 696 760 1.772 .0250 13.20 
39.6 2.46 .735 738 777 2.60 .0265 13.00 
50.0 3.64 1.077 780 788 4.14 .0305 12.80 
54.2 4.38 1.360 790 802 4.87 .0310 12,60 
64.6 6.01 1.830 833 806 6.92 .0360 12.30 
72.3 8.06 2.30 859 808 8.66 .0390 12.00 
82.2 9.28 2.70 890 817 10.20 .0430 12.00 
Table 2. (Continued)Meohanical properties of Hysol 8705 under impact 
Pendulum weight 2.98 lbs* 
Vi Vf ëi 1 ^ f Fmajc *max 
in./seo. in./seo. in./in./seo. in./in./seo. lb. in. 
5.52 4.92 5.61 5 .04 4.72 .0445 
7.93 7.11 8.05 7 .30 7.08 .0603 
10.45 9.23 10.61 9 .46 10.50 .0744 
15.60 12.26 15.83 12 .62 15.60 .1040 
19.20 15.60 19.50 16 .11 20.0 .1250 
24.4 19.50 24.8 20 .2 26.4 .1450 
27.4 23.0 27.8 23.9 31.5 .1725 
32.2 25.9 32.7 27 .0 37.0 ,202 
Vi W AW Ei Ef (Ek)l e r 
in./seo. in.-lb. in.-lb. psi psi in.-lb. in. msec. 
5.52 .1174 .0396 550 592 .1173 .01020 22.6 
7.93 .243 .0745 570 648 .242 ,01120 22.2 
10.45 .473 .1270 597 674 .421 .01240 22.0 
15.60 .831 .262 634 722 .939 .01400 21.5 
19.20 1,264 .374 646 744 1.420 .01675 21.1 
24.4 2,02 .622 672 762 2.30 .01925 20.6 
27.4 2.86 .747 688 764 2.88 .0225 20.5 
32.2 3.71 1.026 700 778 4.00 .0260 20.5 
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 ^2 lb./division 
If 
.05 in./division 
=a K— , 
Deformation 
Fig. 4.7. Porce-deformation curve 
of static loading test 
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Since + E^ , the relationship between and is 
Ei = 490 + 3.5léi + 108[1 - exp(-é^ /12.5)] (4.4) 
where the units of E^  and 6^  ^are psi and in./in./sec., 
respectively. 
Figure 4.10 is a plot of the final modulus of elasticity 
Sf as a function of final strain rate 6^ . Like Ej^ » the rela­
tionship between Ef and éf is 
Ef - 490 + 1.36% + 258[1 - exp(-%/8.82)] (4.5) 
where the units of Ef and €f are psi and in./in./sec., 
respectively. Only magnitude of éf is considered in Eq. 4.5, 
although it was defined to be negative in Chapter III. 
3. Determination of empirical relations 
Log-log plots of maximum force and maximum deforma­
tion ôniax vs initial kinetic energy of the pendulum (Ejj)^  are 
shown in Pigs. 4.11 and 4.12. The empirical relations be­
tween Pnax and (E^ )i, ô^ ax and (E^ )i are 
Pmax = (4.6) 
«max - 0.107(E]£)iO*'^ 3 (4.7) 
where the units of P^ ax» m^ax» (2k)i ^ re lb., in., and 
in.-lb., respectively. Eliminating (Ek)i from Eqs. 4.6 and 
4.7 gives the relationship between and 
ômax = 0.0132Fmax°"^ ^^  (4.8) 
Log-log plots of input energy W(the maximum area under 
the increasing load-deformation curve in Fig» 4.6) and energy 
/•Eq 
108 psi 
(2) pendulum weight 0*595 lb, 
\~] pendulum weight 1.28 lbs. 
/\ pendulum weight 2.98 lbs. 
Initial strain ratecYm/in./seo. ) 
4.8. Initial modulus of elasticity as a function of initial 
strain rate for impact loading 
olOO 
O experimental data 
A theoretical data(108(1 - expi-è^ /lZ»5)) •ri 
Initial velocity(in./8ec.) 
Pig. 4.9. Comparison of experimental and theoretiol data of the nonlinear 
part of initial modulus of elasticity 
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Fig. 4.10. 
Final straîn rate(in./in./sec.) 100 
Final modulus of elasticity as a function of 
final strain rate for impact loading 
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Q pendulum weight 0*595 lb. 
r~] pendulum weigh t 1.28 lbs» 
/\ pendulum weight 2.98 lbs. 
50 
Eq. 4.6 
10 
5 
4 
10 
Initial kinetic energy of the pendulum(in.-lb.) 1 5 # 
o 
Fig. 4.11. Log-log plot of maximum foroe vs initial kinetic energy of the 
impact pendulum 
I 
.04 10 
Initial kinetic energy of the pendulum(in*~lb.) 
Fig. 4,12. Log-log plot of maximum deformation vs initial 
kinetic energy of the impact pendulum 
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loss AW(the area enclosed in the hysteresis loop) vs the 
initial kinetic energy of the pendulum aire shown in 
Fig. 4.13, and the following empirical relations can be es­
tablished: 
W = 0.925(Ek)i°"963 (4.9) 
AW « 0.296(Eic)i°*963 (4.10) 
AW = 0.32W (4.11) 
where the units of W, AW, and (E^ )! are all in.-lb. Com­
bining Eqs. 4.7, 4.9, and 4.10, we have 
W = 138ônax^ '24 (4.12) 
AW = 44.2ô„ax2e24 (4.13) 
Figure 4.14 is a log-log plot of maximum stress 
initial kii.etic energy of the pendulum (Ejj^ )^ , and we have 
"mai = 75.2(E^ )i'>'567 (4.14) 
where the unit of is psi. Eliminating (E^ J^  from 
Eqs. 4.10 and 4.14 yields the relationship between AW and 
®max* 
AW = 1.933xl0"\ax^ '7 (4.15) 
Robertson and Yorgiadis(29) found that AW was nearly inde­
pendent of the frequency and was proportional to the third 
power of the stress amplitude. Kimball and Lovell(30) found 
that AW veuried as the second power of the stress amplitude. 
m _ a m m f i / \ Jk ^ jL.%_ _ ju. & ... « 
usjLxy, Kxxey, ana louna xnaii an varie a as xne 
10 Q pendulum weight 0«595 lb. 
[ I pendulum weight 1.28 lbs. 
/\ pendulum weight 2.98 lbs. 
Eq. 4.10 
. 5 1  5  1 0  
Initial kinetic energy of the pendulum(in.-lb.) 
Fig. 4.13. Log-log plots of input energy and energy loss 
VB initial kinetic energy of the impact pendulum 
100 -
0. 
m to I 
CO 
I 
Q pendulum weight 0.595 lb. 
I I pendulum weight 1.28 lbs 
A pendulum weight 2.98 lbs. 
. 4.14 
5 1 5 
Initial kinetic energy of the pendulum(in.»lb.) 
Pig. 4.14. Log-log plot of maximum stress vs initial 
kinetic energy of impact p<mdulum 
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two and half power of the stress amplitude. Equation 4.15 
shows that âw varies as the one point seven power of stress 
amplitude, but the stress amplitudes observed in (29), (30), 
and (6) were smaller than those in this study so that no 
direct comparison can be made. 
Figure 4.15 is a log-log plot of final strain rate éf 
vs initial strain rate 4^ , the relationship between them is 
éf = €^ 0-93 (4.16) 
where the units of éf and are all in./in./sec. 
Prom the log-log plot of permanent set e and final 
strain rate éf» shown in Pig. 4.16, the relationship be­
tween them is 
e = 3.39<10)"3%®*59 (4.17) 
where the units of e and éf are in. and in./in./sec., respec­
tively. Combining Eq.s. 4.16 and 4.17 gives the relationship 
between e and éit 
e = 3.39(10)'^ %®'5^  (4.18) 
B. Results from Sinusoidal Loading 
1. Calculation of important parametAra 
The motion of the moving head of a shaker can be de­
scribed by the following equationsi 
6 = ôgSin cot (4.19) 
V = ô(^ os a)t = VqCos ùit (4.20) 
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a = -6^ ®sin «31: = -apSin tt>"t (4.21) 
where 6 is displacement, v is velocity» a is acceleration, u> 
is frequency, and t is time. 
As mentioned previously, Vq was kept constant while the 
frequency of motion was changed to various discrete values. 
Knowing v^ , the displacement amplitude ôq, and the accelera­
tion amplitude a© for a certain frequency to can be calculated 
from the following standard vibration equationsi 
«0 = ^  C'-ZZ) 
ao = VqUJ (4.23) 
where slq was also measured using the accelerometer built 
into the shaker head. 
Pictures were taken from the oscilloscope traces. Two 
of these photos are shown in Pigs. 4.1? and 4.18 for condi­
tions of VQ « 7.07 in./sec., f = 200 Hz. The upper beam in 
Pig. 4.17 is the compensated force acting on the specimen 
while the lower beam is the acceleration of the motion( am­
plified 10 times). Figure 4.18 is the hysteresis loop of 
the force and acceleration in Pig. 4.17» Since ô = -a/i>®, 
the hysteresis loop in Fig. 4.18 can be converted into a 
force-displacement diagram, and the energy loss AW due to 
the internal friction of the specimen can be calculated 
from the area enclosed in the loop. For a simple linear 
material the slope at point A in Pig. 4.18 will give us a 
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Upper beamI 0.5 lb./division 
Lower beam* 100 g*s/division 
Vq = 7.07 in./sec., f = 200 Hz 
Fig. 4.17. Force and acceleration records 
of sinusoidal loading 
(sweep rate I 1 msec./division) 
m 
o k O k. 
.5 lb./division 
100 g's/division 
Acceleration x 10 
Vq = 7.07 in./sec., f = 200 Hz 
Fig. 4.18. The hysteresis loop of the force 
and acceleration in Fig. 4.17 
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modulus of elasticity of the material Eg for sinusoidal 
loading which should be comparable to the initial modulus 
of elasticity of the material for impact loading. 
The mechanical properties of the material under 
sinusoidal loading are listed in Table 3» 
2« Empirical relations and plots 
The results of the phase difference measurements be­
tween the compensated force and the displacement are shown 
in Pigs. 4^ 19 and 4.20. The data points reveal that the phase 
difference is less than 20 degrees over the frequency and 
velocity ranges investigated. Pig. 4.19 shows that the phase 
difference depends on velocity, and this indicates that the 
material is nonlinear since for a simple linear viscoelastic 
material phase difference should be velocity independent. 
In Pig. 4.21 modulus of elasticity Eg is plotted against 
velocity amplitude Vq which shows that Eg is independent of 
frequency. Pigure 4.21 is extremely different in character 
from Pig. 4.8 which is a plot of Ei vs 6^ . Therefore the 
material behaves very differently when it is under impact 
compared to sinusoidal oscillation. The empirical relation­
ship between Eg and Vq is: 
Eg = 1300 - 23.5V0 (4.24) 
the units of Eg and Vq are psi and in./sec., respectively. 
Equation 4.24 looks extremely different from Eq. 4.4: 
Table 3* Mechanical properties of Hysol 8705 under sinusoidal loading 
Vo 
Peak value 
in./seo. 
f 
Hz 
Force amplitude 
(compensated) 
lb. 
*0 
g'8 
60 
in. 
Stress 
amplitude 
psi 
Strain 
amplitude 
in./ln. 
1.414 100 .510 2.30 .00225 2.41 .00225 
3.54 50 2.44 2.87 .1125 11.40 .01110 
100 1.280 5.75 .00564 6.02 .00564 
200 .670 11.50 .00282 3.16 .00282 
5.66 50 3.82 4.60 .01805 17.75 .01810 
100 2.03 9.20 .00901 9.52 .00901 
200 1.060 18.40 .00451 5.00 .00451 
300 .689 27.6 .00300 3.26 .00300 
400 .480 36.8 .00225 2.37 .00223 
7.07 50 4.59 5.94 .0225 20.6 .0231 
100 2.48 11.60 .01128 10.92 .01144 
200 1.299 23.1 .00563 6.31 .00571 
300 .836 34.7 .00376 4.07 .00381 
400 .586 46.0 .00282 2.85 .00286 
8.49 100 2.58 13.70 .01350 12.04 .01370 
200 1.385 27.4 .00675 6.51 .00675 
9.90 50 6.49 8.06 .0315 30.6 .0320 
100 3.45 16.12 .01577 16.54 .01590 
12.02 100 3.90 19.55 .01912 18.12 .01950 
14.14 
200 1.924 39.1 .00956 9.03 .00956 
100 4.24 23.1 .0225 20.1 .0227 
Table. 3* (Continued)Mechanical properties of Hysol 8705 under sinusoidal loading 
0^ 
Peak value f AW Es 
in./sec. Hz in.-lb. psi 
1.414 100 .000419 1260 
3.54 50 ,00848 1243 
100 .00340 1220 
200 .001225 1222 
5.66 50 .01757 1158 
100 .00673 1170 
200 .00239 1170 
300 .001298 1162 
400 .000825 1150 
7.07 50 .0232 1120 
100 .00935 
.00324 
1150 
200 1140 
300 .001630 1111 
400 .001038 1130 
8,49 100 .01206 1100 
200 .00441 1080 
9.9. 50 .0391 1076 
100 .01540 1080 
12.02 100 .0208 1023 
200 .00724 1002 
14.14 100 .0261 974 
Phase difference 
(compensated force vs displacement) 
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Ei = 490 + 3.51% + 108[1 - e2p(-%/12.5)] (4.4) 
Figure 4.22 is a log-log plot of energy loss AW vs veloc­
ity amplitude v© at three different frequencies, and the fol­
lowing empirical equations can be obtained* 
AW = .00137vol'495 (f, 50 Hz) 
AW = .000528VO1'^ 95 (f: 100 Hz) 
AW = .000191vo^ '^ 95 (f; 200 Hz) 
the units of AW and v^  are in.-lb. and in./sec., respective­
ly. By employing Eq. 4.22 and cu = 2nf, the above equations 
can be rewritten as 
AW = 7«456O^ *^ ^^  (ft 50 Hz) (4.25) 
AW = 7.8860^ *^ ^^  (f« 100 Hz) (4.26) 
AW = 7.8lôol'495 (fx 200 Hz) (4.27) 
the units of AW and 6© are in.-lb. and in., respectively. 
Figure 4.23 is a log-log plot of energy loss AW vs fre­
quency f at three different velocity amplitudes VQ, and the 
empirical relations between AW and f are 
AW * 3.3f"^ *^  (vqi 3*54 in./sec.) 
AW = 6.6f"l'^ 8 (VqI $,66 in./sec.) 
AW = 8.7f~l'48 (vot 7.07 in./sec.) 
where the units of AW and f are in.-lb. and Hz, respectively. 
By employing Eq* 4.22 and «u = 2^ f, the above equations can be 
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written in terms of displacement amplitude Ôq* 
AW = 7.62Sol'48 (v I 3.54 in./sec.) (4.28) 
AW = 7.71Ôol*48 (v , 5.66 in./sec.) (4.29) 
AW = 7.4200^ '^ ® (v : 7.07 in./sec.) (4.30) 
where the units of AW and 6© are in.-lb. and in., respective­
ly. Allowing inevitable experimental errors, the six equa-
tions(Eqs* 4.25-4.30) are essentially one equation, which is 
quite different from Eq. 4.13: 
AW = 44.2ômax^ '^  ^ (4.13) 
and this reiterates the fact that the material has dual-
personality under dynamic loading of impact and sinusoidal 
oscillation. 
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V. MODEL REPRESENTATION OF HYSOL 8705 UNDER IMPACT 
A. Three-Parameter Solid 
In searching for a mathematical model of this material 
(i.e., a certain kind of spring and dashpot combination) to 
reproduce the mechanical properties measured under impact, 
the key point is that the model must predict the correct 
initial and final moduli of elasticity, maximum stress and 
strain, and permanent set for a given initial strain rate. 
The duration of impact should also be predicted when the 
corresponding pendulum mass is used. 
Several models were investigated, they all failed to 
show any amount of permanent set. Finally the three-parame­
ter solid discussed in Chapter II(p. 8) was investigated. 
Judging the solid physically from its E^  and Ef curves(see 
Figs. 4.8 and 4.10), we suspect that at a given loading rate 
during impact the dashpot will be deformed. Accordingly 
there will be some deformation stored in the dashpot, and 
afterwards, there is insufficient time to release all the 
deformation stored in the dashpot so that there will be some 
permanent set left in the material at the end of impact. 
From this point of view, the permanent set is governed by 
the viscosity c of the dashpot and spring constant kg. 
The differential equation determining the properties 
of the solid wag derived in Chapter II to be given by 
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a + (2 .5)  
where p^  = c/(k^  + kg), q^  = k^ kg/fk^  + kg), and 
~ + *2)' 
Now the problem is how to determine the spring constants 
ki and k2» and the viscosity c. 
B. Determination of k]^ , k2, and c 
The coefficient q^  in Eq. 2.5 is in the order of mag­
nitude of the static modulus of elasticity. When the model 
is loaded statically, the dashpot will be out of action, and 
the model is reduced to two springs in series. In this case 
q^  is exactly the equivalent spring constant of k^  and k2 
which are in series, and should be equal to the static modu­
lus of elasticity of the material; i.e., 490 psi as reported 
in Chapter IV. At the very beginning of impact a and e are 
both extremely small, therefore the first term on either side 
of Eq. 2.5 is very small as compared with other terms, and 
can be neglected. Thus, initially we find 
Ô 1^ _ 
— = Ei = — = ki 
S Pi 
so that the initial modulus of elasticity is controlled sole­
ly by the spring constant k^ . From Eq. 4.5 we have experi­
mentally found that the initial modulus of elasticity is re­
lated to the initial strain rate. Thus, we have 
ki = 490 + 3.51€i + 108[i - exp(-%/12.5)] (5.I) 
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Statically the equivalent spring constant of and k2 
in series is equal to 490 psi, therefore statically ^ 2 ®3n 
be determined from the following relationshipi 
490 ki k2 
490kl 
2^ = -^ -7^  (5.2) 
When the model is under dynamic loading, k2 should be 
in the order of magnitude determined by Sq« 5* 2» The exact 
value of k2 is determined empirically when Eq. 2.5 is solved 
numerically. 
Since c and k2 control the permanent set e, the viscos­
ity c can be evaluated from Eq. 2.5* At the end of impact 
0 = 0 ande = 6p,g, = ln(lo/(lo- e )), where e can be deter­
mined from Eqo 4ol8 for a given initial strain rate 
Therefore Eq. 2.5 can be rewritten as 
c = (5.3) 
Of - k^ e^  
where Cf and éf are final stress rate and final strain rate, 
respectively. The final stress rate can be determined 
from the finsd slope of the force-time record in Pig. 4.1 or 
4.2. Since the final slope is negative, the final stress 
rate cr^  is a negative quantity. The final strain rate 
is negative since v^  is defined to be negative. However, 
there are times when it is rather difficult to obtain an ac­
curate final slooe from the record since the curvature of the 
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force-time record changes continuously during the last period 
of loading. Hence, a scheme was worked out where the values 
of k]^ , k2» and c were selected on the basis of Eqs. 5*1» 5*2» 
and 5*3* The values of c euid k2 were then adjusted so that 
the numerical results gave the saae permanent set and final 
modulus of elasticity. The following numerical scheme was 
used. 
C. Numerical Computation Scheme 
to Evaluate kj, k2» and c 
Solving Eq. 2.5 for stress rate a, we have 
cr = ^ kik26 + kj^ cê -(k^  + k2)al (5*^ ) 
As explained above spring constant ki must be equal to ini­
tial modulus of elasticity Ei of the material in order for 
the mathematical model to reproduce accurately. Therefore 
ki was set equal to Ei(Eq. 5*1) when Eq. 5.4 was being 
solved numerically. 
For the first computer run, the values of k2 and c were 
calculated from Eqs. 5*2 and 5.3» respectively. Thus, in 
the numerical computation scheme, the inputs were; initial 
strain rate final stress rate âfr and pendulum weight w. 
Given 6^ , the values of k^  and kg can be determined from 
Eqs. 5.1 and 5.2, respectively. Knowing ôf» the final slope 
of the force-time record in Pig. 4.1 or 4.2, the value of c 
can be calculated from Eqs. 4.18 and 5*3* The reason to have 
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w among the inputs will be given next. 
Figure 5*1 is a free-body diagram of the pendulum 
during impact loading. Applying Newton's second law of 
motion, we have 
Sji = -386(-^ ) (5*5) 
where the units of acceleration a^ , force and pendulum 
weight w are in./sec«®, lb., and lb., respectively. The 
force acting on the specimen during impact is the reaction 
of force Fn since the magnitude of F^  is equal to stress an 
times the cross-sectional area of the specimen. From 
Sq. 5»^ » stress rate 6^  can be calculated with an iteration 
scheme for a small time increment At by using the following 
relationship 
®n ~ (^ n-1 n^-1^ *^ n = 1, 2, 3, ... (5*6) 
since the stress and the force F^  are related by = 
pendulum 
Fn 
w 
Fig. 5*1* Free-body diagram of the pendulum 
To calculate strain 6^ , the following relationships 
must be employedt 
«n = »a-l + »n-l (5.7) 
66 
(5*8) 
In = lo - 5n (5.9) 
êjj •- ln(—(5*10) 
In 
where ôn is the deformation of the specimen, én is defor­
mation rate, and 1© is the initial length of the specimen 
with units of in., in./sec,, and in., respectively. In 
Eqs. 5*7 and 5-8 the higher order terms are neglected. 
The time increment At used was 0.0001 sec. Experimental 
results indicated that the duration of impact depends mainly 
on pendulum weight wj its value being within the range of 
0.008 to 0.022 sec. Figure 5*2 is the flow diagram of the 
numerical iteration scheme. 
yes 
no 
Stop 
tii + At - tn 
Eqs. 5.5 to 5*10 - ffn 
Record t^ , n^ 
Initial condition Og = 0 
Eqs. 5.1, 5*2, 5*3 k-j» k 
Fig. 5*2. Flow diagram of the numerical iteration 
scheme 
6? 
As mentioned in Section B there are times when it is 
difficult to obtain viscosity c accurately, and Sq. 5.2 
gives the value of ÎC2 corresponding to static loading case* 
Therefore, during the first computer run, only the initial 
modulus of elasticity can be reproduced accurately by the 
mathematical model. The numerical results of maximum 
stress and strain, and duration of impact will not be far 
off from the experimental data since these values are 
largely controlled by spring constant ki and pendulum 
weight w. The values of permanent set emd final modulus 
of elasticity will be in error compared to the experimental 
data since the permanent set is controlled by k2 and c 
whose values are not accurate for the first computer run. 
The scheme to obtain the correct value of kg is to 
introduce a correction factor X in Eq. 5»2t 
where X is a dimensionless number and is determined em­
pirically by comparing experimental and numerical results. 
The numerical data obtained from different computer 
runs indicated that kg had more effect on permanent set 
than c did# Therefore X was first determined to make the 
numerical result of permanent set close to its experimental 
value. Then, the value of Cf in Eq. 5*3 was modified to 
obtain the correct value of c which would make the model 
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reproduce permanent set accurately» Sometimes could 
be determined accurately from the final slope of the force-
time record. In this situation, it was only necessary to 
determine X« 
Once permanent set was accurately reproduced by the 
model, the values of duration of impact and final modulus 
of elasticity would be accurately reproduced as well. 
However, the values of maximum stress and strain reproduced 
by the model were always greater than the experimental 
results. The reason will be given in Section D. 
D. Results Reproduced by the Model 
Six different initial strain rates were chosen for a 
pendulum weight 0.595 lb., four for a pendulum weight 
1.28 lbs., two for a pendulum weight 2.98 lbs. in order to 
evaluate the numerical computation scheme and mathematical 
model as outlined in Section C. The three-parameter math­
ematical model reproduced the impact experimental data 
satisfactorily. The results for three different initial 
strain rates are shown in Pigs. 5.3, 5*4, and 5.5, which 
show that the model reproduced the initial and final moduli 
of elasticity, the permanent set, and the duration of im­
pact with good accuracy. However, the maximum stress and 
strain predicted by the model were larger than the experi­
mental data. This can be explained as follows 1 During 
the impact loading there was energy loss due to (a) air 
,w = 2.98 lbs. 
« 19*5 in./in./seo.(vj^  = 19.2 in./seo.) 
100 O experimental data 
• predicted data 
predicted data with based on 
(v@2f = 17*3 in./seo.) 
•H 
0 05 .1 15 
Compressive true strainfin./in.) 
Pig. 5*3* Comparison of reproduced and experimental data 
for initial strain rate I9.5 in./in./seo. 
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A predicted data with based on Vgff 
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Pig. 5.4. Oomparison of reproduced and experimental data 
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100 -
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Pig* 5*5* Comparison of reproduced and experimental data 
for initial strain rate 83.4 in./in./sec. 
-o 
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friotion and sound and (b) energy "transmitted to the wall on 
which the specimen was attached. Therefore, the total energy 
input to the specimen was less than the initial kinetic 
energy of the pendulum. This explains why the following 
empirical relation in Chapter IV has coefficients other than 
unity; i.e., 
W = 0.925(Ek)i°'9*3 (4.9) 
where w is the input energy defined as the maximum area under 
the increasing load-deformation curve and (Eic)i is the ini­
tial kinetic energy of the pendulum. This kind of energy 
loss takes place outside of the specimen; and, hence the 
mathematical model cannot sense it. If there were no such 
energy loss, the experimental data of maximum stress and 
strain should be accurately reproduced by the model. In 
other words, the input energy reproduced by the model, Wp 
(which is the maximum area under the increasing stress-strain 
curve reproduced by the model times the volume of the speci­
men), should be equal to the initial kinetic energy of the 
pendulum (Ejj)^ . Figure 5.6 is a plot of Wp vs (Ejc)i which 
clearly clarifies the point since Wp = (E^ )!. 
The effective initial velocity of the pendulum 
can be calculated from the measured stored energy W. Then 
with the initial strain rate based on VQff and using the 
same mathematical model, the numerical data(marked with 
crosses in Figs. 5»3» and 5.5) followed the experimental 
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O pendulum weight 0.595 lb 
Q pendulum weight 1.28 lbs 
A pendulum weight 2.98 lbs 
10 
iH 
5 10 
Initial kinetic energy of the pendulum 
0 
(in.-lb.) 
Pig. 5*6* The input energy reproduced by the 
model vs the initial kinetic energy 
of the pendulum 
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data(marked with circles) accurately in all respects. 
Figure 5.7 is a plot of the duration of impact repro­
duced by the model vs the experimental data where the data 
points can be connected with a straight line with slope 
equal to one. 
As mentioned above, the exact value of spring constant 
k2 was determined empirically by matching the experimental 
and computed permanent set. In doing that a correction 
factor X was introduced in Eq. 5*2. A log-log plot of cor­
rection factor X vs initial strain rate 6^  is shown in Fig. 
5.8 which gives the following empirical equation: 
X = 0.09l6€i°'7 
where X is dimensionless and the unit of €3^  is in./in./sec. 
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Q pendulum weight 0.595 lb 
[~1 nendulum weight 1.28 lbs 
A pendulum weight 2.98 lbs 
10 20 
Experimental data of the duration of impact 
(msec.) 
Fig. 5*7# Plot of the duration of impact 
reproduced by the model vs the 
experimental data 
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10 50 100 200 
Initial strain rate(in./in./siec. ) 
Pig* 5*8. Log-log plot of correction factor 
vs initial strain rate 
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VI. CONCLUSIONS AND PROSPECT 
A. Conclusions 
In summary we have the following conclusions: 
Ic The test material Kysol 8705 is nonlinear and 
highly strain rate dependent. 
2. The material has extremely different mechanical 
properties under impact and sinusoidal loadings. 
3* There is no simple way to relate these vastly dif­
ferent behaviors under impact and sinusoidal loadings at 
this time, 
A nonlinear three-parameter model with its para­
meters properly chosen was found to reproduce the initial 
and final moduli of elasticity, the permanent set, the 
duration of imapct, and the stress-strain behavior of the 
material under impact quite successfully. 
B. Prospect 
As mentioned at the beginning of this dissertation, it 
was anticipated that a mathematical model could be found to 
relate the mechanical properties of the material under im­
pact and sinusoidal loadings. After several computer trials 
the nonlinear three-parameter solid failed to reproduce the 
sinusoidal experimental data. The problem is how to deter­
mine a model that is adequate for sinusoidal loading; and 
what modifications, if any, can be made to the three-para­
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meter model. 
In the impact loading case paurameters k2 and c are 
controlled by the deformation left in the specimen at the 
end of impact loading. For sinusoidal loading, it is a 
totally different story* Whenever viscosity c exists, 
energy loss must take place. Therefore quite possibly 
k2 and c are tied up with energy loss, and this needs 
further investigation. 
Many investigators have investigated the material 
photoelastically. The question isi Could we use the three-
parameter mathematical model to study the stress-optic 
behavior of the material? This is another recommendation 
which can be made concerning research in this field. 
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